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Abstract
We describe the operation of an electrodynamic ion trap in which the electric quadrupole field oscillates at two frequencies. This
mode of operation allows simultaneous tight confinement of ions with extremely different charge-to-mass ratios, e.g., singly ionised
atomic ions together with multiply charged nanoparticles. We derive the stability conditions for two-frequency operation from
asymptotic properties of the solutions of the Mathieu equation and give a general treatment of the effect of damping on parametric
resonances. Two-frequency operation is effective when the two species’ mass ratios and charge ratios are sufficiently large, and
further when the frequencies required to optimally trap each species are widely separated. This system resembles two coincident
Paul traps, each operating close to a frequency optimized for one of the species, such that both species are tightly confined. This
method of operation provides an advantage over single-frequency Paul traps, in which the more weakly confined species forms
a sheath around a central core of tightly confined ions. We verify these ideas using numerical simulations and by measuring the
parametric heating induced in experiments by the additional driving frequency.
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The Paul trap [1, 2] confines charged particles using an oscil-
lating quadrupole electric field thus circumventing Earnshaw’s
theorem for static fields [3]. This highly versatile method of
electrodynamic confinement has a multitude of applications,
spanning a wide range of charge-to-mass ratios Q/M, which
may be broadly categorised by the drive frequency of the trap.
For example, guiding of electrons by microwave fields was re-
cently achieved [4], but practical difficulties of confining them
in a Paul trap include driving frequencies of the order of 1 GHz.
The majority of current experiments to confine atomic ions
(138Ba+, 40Ca+, etc.) use a quadrupole electric field oscillat-
ing in the range of tens of MHz. Commercial mass spectrome-
ters often have stages which guide ions along linear quadrupole
fields, operating at MHz frequencies for light ions, down to tens
of kHz for larger, heavy molecules with lower Q/M. Electrody-
namic balances are operated at 50 or 60 Hz to confine micron-
sized particles of even lower charge-to-mass ratios [5, 6]. The
achievable Q/M typically decreases as the mass of the ion in-
creases [7, 8, 9], shifting optimal parameters towards lower
drive frequencies.
The dependence of the Paul trap on the mass and charge
of the ions makes it difficult to confine two species for which
the optimal driving frequencies are very different; typically the
heavier species has a lower Q/M ratio leading to weaker con-
finement by the oscillating quadrupole field. As a result, the
interaction between the two species is proportionally weaker.
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This hinders the use of fluorescing light ions as either a detec-
tor for the heavier dark ions, or for sympathetic cooling [10].
For similar charge-to-mass ratios a third intermediate species
can be used to bridge the gap between the first two [11], but
this becomes impractical for extremely dissimilar ratios. A ma-
jor obstacle in pioneering work on the simultaneous trapping of
atomic 138Ba+ and molecular ions with mass 410 Da in a lin-
ear Paul trap operating at a single frequency [12], was the spa-
tial separation of the constituents that occurred because of their
mismatched spring constants. Ions of the more weakly confined
species were pushed away from the trap centre by Coulomb
repulsion from the strongly trapped ions, leading to a sheath
of molecular ions around a core of the more tightly confined
138Ba+. For mixtures of more dissimilar ions, the Coulomb re-
pulsion of the core may even prevent trapping of the heavier
ions.
Here we propose an approach motivated by an aspect of elec-
trodynamic trapping — hinted at by Dehmelt in a one-page bul-
letin on confinement of antimatter [13] — that has received lit-
tle attention. Dehmelt suggested using electric fields oscillat-
ing at two suitably chosen frequencies to simultaneously con-
fine charged particles with different Q/M; this idea has recently
been explored further in [14]. We show that the same prin-
ciple can be used to confine atomic ions and heavier charged
molecules. It is straightforward to adapt a standard Paul trap
apparatus for atomic ions so that it also confines charged par-
ticles of higher mass (lower charge-to-mass ratio than atomic
ions) using two driving frequencies. The two-frequency trap
exploits the implicit link between Q/M of the charged particles
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and the frequency for optimal operation of a Paul trap.
Two-frequency operation of a Paul trap offers a significant
advantage when confining two species with widely different
properties, corresponding to widely different optimal drive fre-
quencies [15]. It increases the strength of confinement of the
heavier species thus making the spring constants more simi-
lar and bringing the two species closer together. This in turn
increases the interaction between the otherwise well separated
ion species. Here, we solve the system of equations that de-
scribes the stability of a single charged particle in a quadrupole
electric field oscillating at two frequencies, and interpret the so-
lutions in terms of the pseudopotential approximation that gives
an intuitive picture in the single-frequency case. By consider-
ing parametric resonances that determine the stability of this
system, we identify threshold criteria for stable two-frequency
operation with two species. High-order parametric resonances
are sensitive to damping of the motion [5, 16, 17], as we demon-
strate experimentally, and they can be suppressed, e.g. by laser
cooling or a buffer gas.
This paper is organised as follows. We start by reviewing
the theory of the Paul trap in Section 1 and consider the spring
constants for two trapped species. The theory of operation of
the two-frequency trap is developed in Section 2. Parametric
resonance sets a limit to how close the charge-to-mass ratios
of two trapped ions can be when seeking to enhance the spring
constant of weakly trapped species. In Section 3 we present
parametric heating measurements of a single trapped ion in a
two-frequency trap and compare the results with our theoret-
ical model. These results are extended further using molecu-
lar dynamics (MD) simulations in Section 4. Our numerical
results show how the effect of increasing the spring constant
of a weakly trapped, dark, heavy ion can be observed through
the deformation of a fluorescing atomic ion cloud. We con-
clude with a discussion of potential applications of our pro-
posed method in Section 5.
1. Theory of the Paul trap
Newton’s equation of motion for a particle of mass M and
electric charge Q along the y-axis of a Paul trap is M(y¨ + Γy˙) =
Q Ey(t), where Γ is a damping constant. The time-dependent
force equals the charge Q times the component of the elec-
tric field Ey along this axis. The quadrupole field is Ey(t) =
V(t) y/r20, where the distance r0 characterises the electrodes’
spacing, and the applied voltage is V(t) = V0 + V cos(Ωt). A
change of variables Ωt = 2τ transforms the equation of motion
into the Mathieu equation [1, 18, 19, 20]
d2y
dτ2
+
[
a − 2q cos(2τ)] y(τ) = 0, (1)
with a = (Q/MΩ2) · 4V0/r20 and q = −(Q/MΩ2) · 2V/r20.
An approximate method that elucidates the behaviour of the
Paul trap for certain parameters shows that the motion of the
ion consists of an oscillation at a slow secular frequency plus
a fast, small-amplitude micromotion at the driving frequency:
y = A cos(ωt)(1 + 12 q cos(Ωt)). The slow motion is that of a
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Figure 1: (a) Ince-Strutt stability diagram for the Mathieu equation (Eq. 1).
The solutions are stable and periodic in the lightly coloured areas and diverging
otherwise. (b) The stability region for a linear Paul trap, shown in red, is the
overlap of the stability region for motion along the x− and y− axes. A linear
quadrupole field has reflection symmetry along the line a = 0 since ay = −ax.
particle in a harmonic pseudopotential with secular frequency
ω given by the Dehmelt approximation
ω =
Ω
2
√
a +
1
2
q2. (2)
More generally, the motion of charged particles in an oscillat-
ing electric field may be described by a ponderomotive potential
that is proportional to the square of the amplitude of the oscil-
lating electric field. The stability region of the one-dimensional
Mathieu equation (Eq. 1) is shown in Fig. 1(a). Stability in both
x- and y-axes is independent of the sign of q, and hence the sign
of the charge Q. The Paul trap is stable when q > 0 even for
negative values of a since a small amount of anti-trapping by
the static electric field can be overcome by the pseudopotential,
e.g., for q = 0.4 stable solutions exist for |a| < 0.09. Figure 1(b)
shows the intersection of the stability regions for motion in the
x and y directions of a linear Paul; values of the parameters a
and q within this overlap region give stable confinement. In a
linear Paul trap, the motion of the ion is stable over the range
0 < q < 0.91 for a = 0.
Values of q ≤ 0.4 give robust operation of a Paul trap without
anharmonic effects that tend to destabilise the confinement at
higher values. Therefore we use q = 0.4 as a typical value
2
throughout this paper, although the results do not depend on the
exact value chosen. Practical considerations limit the attainable
curvature V ′′max = V/r20 for a given trap. Realistic values are V =
500 V and r0 = 0.5 mm giving V ′′max ' 2 × 109 V/m2 which is
comparable to the value used in the measurements described in
Section 3. This choice of V ′′max determines the driving frequency
that gives a suitable values of the q-parameter, i.e., q = 0.4.
1.1. Confinement of two species in a single-frequency Paul trap
We consider two species A, B trapped in a Paul trap as in
our previous theoretical work [15]; species A is atomic 138Ba+
and B a heavy ion with MB = 1.4 × 106 Da and QB = +33e.
The spring constant κ = Mω2 determines the extent of the ion
cloud yrms at temperature T , and hence the overlap of the two
species, since by the equipartition theorem kBT = κy2rms. At
low T the ions form Coulomb crystals and electrostatic repul-
sion determines their spatial extent: equal and opposite trap-
ping forces between two ions κAyA = −κByB result in similar
displacements, |yA| ≈ |yB|, if the spring constants are similar
κA ≈ κB. For most of these calculations it is not necessary to
consider the Coulomb interaction of the trapped ions, however
it is included in the numerical simulations of Section 4. In the
pseudopotential approximation the spring constant is
κ ≈ Mω2 = q
8
· 2QV
r20
=
Q2
MΩ2
·
 V
2r20
2 , (3)
where ω ' qΩ/√8 when a = 0. The ratio of the two spring
constants for the single-frequency trap is:[
κB
κA
]
1rf
=
κB(Ω)
κA(Ω)
=
Q2B/MB
Q2A/MA
, (4)
where κA(Ω), κB(Ω) are both functions of Ω. For the species
considered here (Q2B/MB)/(Q
2
A/MA) = 0.1, so that the confine-
ment of species B is less tight; these ions move to the outside of
the cloud of species A in a single-frequency trap since q ∝ Q/M
for fixed Ω, and qA = 0.4 for species A implies qB = 0.001.
The spring constant of a Paul trap operating at a fixed volt-
age V , and with drive frequency optimized such that q = 0.4,
depends only on the ion’s charge (see Eq. 3). If it were pos-
sible to simultaneously achieve the same conditions for both
species, the ratio of their spring constants would be κB/κA =
QB/QA  1, which is opposite to normal for a Paul trap (see
Eq. 4). However, this scenario cannot be attained in a single
frequency trap. The constraints that q = 0.4 for fixed V are in-
compatible for the two species, each requiring a different drive
frequency. Much of this work is devoted to optimisation of the
confinement of species B, to give the maximum κB, subject to
the constraint that species A remains trapped. We show that
two-frequency operation gives significant improvement over a
single-frequency Paul trap in suitable circumstances.
2. Trapping with two frequencies
We can optimise the confinement of each species individu-
ally by using different driving frequencies: a high frequency Ωn
for the light ions and a low frequency Ω for the heavier ones.
Applying the second, lower frequency field augments the con-
finement of the heavier species. The ratio of spring constants
now becomes[
κB
κA
]
2rf
=
κB(Ω)
κA(Ωn)
=
(
V1
Ω
· Ωn
Vn
)2 Q2B/MB
Q2A/MA
, (5)
where V1, Vn are the voltages that correspond to Ω, Ωn. Com-
parison with Eq. 4 shows that there is an enhancement by a fac-
tor of (Ωn/Ω)2 · (V1/Vn)2, which can be much greater than unity
as shown below. Although V1  Vn because the low-frequency
component strongly influences the stability of species A, an
overall enhancement can be achieved when Ωn/Ω  1 is suffi-
ciently large.
To configure the two-frequency trap we first set the values
Vn, Ωn to be optimal for single frequency confinement of the
light ion with qA ' 0.4. With species A now well confined,
we chose parameters Ω, V1 to trap species B, subject to the re-
quirement that there is no parametric excitation of A. This ap-
proach ensures that both species are stable in the two frequency
quadrupole field.
2.1. Parametric resonance
We consider a system of two species A and B subjected to
two frequencies Ω and Ωn, where the higher frequency is a har-
monic Ωn = nΩ of the lower driving frequency; the assumption
that n is an integer allows use of the convenient mathematics of
periodic systems but is not a physical requirement. In a standard
single-frequency Paul trap the secular oscillation frequencies of
the two species are ωB = q/
√
8 ·Ω and ωA = q/
√
8 ·Ωn. These
four frequencies are summarised in Table 1.
Table 1: The four relevant frequencies: ωA is the secular frequency of ions of
species A in a Paul trap driven at Ωn; similarly ωB for species B with Ω only.
When both driving frequencies are present the field at Ω can parametrically
excite species A but the quadrupole field oscillating at Ωn only weakly affects
species B.
species\rf Ωn Ω
A ωA parametric excitation
B weak trapping ωB
There is a natural ordering of the frequencies: ωB < Ω <
ωA < Ωn. The first and third inequality are satisfied as a con-
sequence of the standard single-frequency operation of a Paul
trap. The middle inequality is important for the two-frequency
operation; Ω must be well below ωA to avoid driving a paramet-
ric resonance which leads to heating of species A; this limits the
amplitude of the low frequency field.
We first consider the stability of species B when the voltage
V(t) = V0 + V1 cos(Ωt) + Vn cos(nΩt) drives the quadrupole trap
electrodes. We rescale time to Ωt = 2τ so that
d2yB
dτ2
+
1
VB
(V0 + V1 cos(2τ) + Vn cos(2nτ)) yB = 0, (6)
where VB = (MB/QB) · Ω2r20/4. The dimensionless coeffi-
cients of the Mathieu equation are given here as voltage ratios.
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Figure 2: Stability diagrams of a Paul trap for (a) single- and (b) two-frequency
operation where n = 25 and a = 0. The darker regions correspond to the
tongues of instability which extend all the way to the horizontal axis, although
this cannot be seen due to the finite precision of the numerics. The black lines
are the critical curves for both configurations. The critical curve is a = 2q in the
single frequency case, while in the two-frequency case it increases quadratically
and then descends linearly (see text for more details).
This has the form of a Hill equation: y′′ + H(τ)y = 0, where
H(τ) = H(τ + pi) is a periodic function1. The high frequency
component oscillating at Ωn has little effect on the stability of
species B, which remains well described by a single-frequency
trap operating at the low frequency Ω.
The same is not true for species A, as parametric resonances
lead to heating when mΩ = 2ωA; here the integer m is the or-
der of the resonance with m < n since ωA ∼ 0.14nΩ. Consider
the equation of motion for species A, rescaled at the higher fre-
quency such that τn = nΩt/2 = nτ
d2yA
dτ2n
+ 2
β
n
dyA
dτn
+
1
VA
(
V0 + V1 cos
(
2τn
n
)
+ Vn cos(2τn)
)
yA = 0,
(7)
1The Mathieu equation is an example of a Hill equation with only a single
periodic coefficient.
where VA = (MA/QA) · n2Ω2r20/4. Note the factor of n2 com-
pared to the definition of VB in Eq. 6. The scaled damping pa-
rameter β = ΓA/Ω accounts for cooling of species A (see Ap-
pendix A for a simple mathematical treatment of damping).
Equations 6 and 7 are ordinary differential equations with pe-
riodic coefficients [21] and can be solved using Floquet theory
which considers the mapping from the solution at time t to that
at time t + T where T is the period of the system [22, 23]. The
influence of any dc field ∝ V0, the Coulomb repulsion between
ions, and damping can be included by standard numerical meth-
ods.
Figure 2(b) shows the stability region for an ion of species
A as a function of Vn/2VA and V1/VA obtained by numerical
solution of Eq. 7 [15]. Parametric excitation by V1 cos(Ωt)
causes n− 1 tongues of instability emanating from the horizon-
tal axis V1 = 0 which get wider as V1 increases. The tongues
of instability, aka Arnold tongues [24], arise for periodic sys-
tems, including the Mathieu equation, and their properties have
been studied extensively for the more general case of Hill equa-
tions [25, 26, 27]. For n & 10 the stability regions show uni-
versal behaviour: a quadratic increase up to Vn/2VA ' 0.7 fol-
lowed by a linear decrease to zero at Vn/2VA = 0.91. The crit-
ical curve that traverses equal distances in the stable and un-
stable regions [28, 25] over the range 0 < Vn/2VA < 0.71 is a
quadratic curve of the form:
V1
VA
= ρ
(
Vn
2VA
)2
, (8)
where ρ = 0.54 is a constant. This critical curve has a different
functional form than the single frequency case a = 2q, shown
in Fig. 2(a), yet it derives from a similar argument. We rewrite
Eq. 7 so that it resembles the Mathieu equation, assuming V0 =
β = 0
d2yA
dτ2n
+
[
α(τn) − 2q(τn)A cos 2τn
]
yA = 0, (9)
where −q(τn)A = Vn/2VA, and α(τn) = V1/VA resembles an a-
parameter that arises from a slowly varying dc field. Neglect-
ing the slow variation of α(τn), we use the condition for stability
|α| < q2/2; this corresponds to the pseudopotential approxima-
tion and gives Eq. 8 with ρ = 0.5. See Appendix A for a more
rigorous treatment based on properties of the Mathieu equation
for large a and q.
The tongues of instability become narrower below the crit-
ical line and higher-order resonances are too fine for the nu-
meric calculations to capture — the finite resolution of the nu-
merics acts as an effective damping. The asymptotic properties
of the Mathieu equation can be used to find the endpoints of
the tongues for a given damping (Appendix B); they lie on the
curve
V1
VA
= ρ
(
Vn
2VA
)2
(piβ)1/m . (10)
The integer m is the order of the parametric excitation equal
to the number of resonances up to the given value of Vn/2VA.
The dependence on β1/m is typical for the threshold value of
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resonant parametric excitation [29]. The order number m at a
resonance is
m =
2ωA
Ω
' n q√
2
=
n√
2
(
Vn
2VA
)
, (11)
hence we can approximate m ' 0.28n for q = 0.4. Equation 10
gives realistic values for low-order resonances [30, 31]. The
width of the instability tongues decreases rapidly with increas-
ing order of the parametric resonance. For the Mathieu equation
this width is proportional to qm for a resonance emanating from
(q, a) = (0,m2). Asymptotic approximations work well for nar-
row resonances in the limit of large n as described in Appendix
B, whereas numerical calculations require a fine grid for such
narrow features and hence long computation times. Equations 8
and 10 are consistent as m → ∞, since (piβ)1/m ' 1 for large
values of m.
For large n the critical curve constrains the maximum value
of V1 before the onset of parametric resonance in species A, as
determined by Eq. 10, where there is an implicit dependence
of m on n = Ωn/Ω. At small n, the stability regions between
the n − 1 tongues are wide and Eq. 10 is not valid. However,
it is possible to avoid parametric resonances by careful choice
of trap parameters on a case-by-case basis, where more general
rules cannot be established. We note that trapping with two
frequencies is most suitable for combinations of species with
widely different Q/M, for which n will be large.
2.2. Enhancing the weakest spring constant
We now discuss the parameter range for which the use of a
second frequency increases the spring constant for the heavier
species, without significantly affecting the lighter ions. Com-
parison of the ratio of the spring constants for single-frequency
operation of the Paul trap (Eq. 4) with that given in Eq. 5 shows
that the two-frequency scheme enhances the ratio κB/κA by a
factor of
η2rf =
(
V1
Ω
· Ωn
Vn
)2
=
(
nV1
Vn
)2
. (12)
The threshold voltage for parametric excitation of species A,
given by Eq. 10, can be rewritten as
V1
Vn
=
ρ
2
(
Vn
2VA
)
(piβ)1/m ≡ ζ0 (piβ)1/m (13)
where m is the order number and β = ΓA/Ω describes the damp-
ing for motion driven at angular frequency Ω, and we assume
piβ  1; the function (piβ)1/m → 1 as m increases. The quan-
tity Vn/2VA = qA is the q-parameter in the Mathieu equation
for species A for which we take the typical value of qA ' 0.4
(and similarly for qB = V1/2VB) so that ζ0 = ρqA/2 ' 0.1 under
optimal conditions. Substituting Eq. 13 into Eq. 12 gives
η2rf = (ζ0n)2 (piβ)2/m '
( n
10
)2
(piβ)2/m . (14)
Hence, we require n  10 for the two-frequency scheme to en-
hance the trapping of two species, i.e. η2rf > 1. As an example
consider typical values of n = 100, m = 28, and β = 10−5,
101 102 103 104
MB/MA
101
102
103
104
[Q
B
/Q
A
] m
in
(100, 33)
10 1
10 5
10 10
Figure 3: The curves show the minimum charge ratio QB/QA required to trap
two ions of mass MA, MB with the same spring constants, i.e. [κB/κA]2rf = 1;
these are given by Eq. 18 for 10−10 < β < 10−1. The value of damping becomes
unimportant at large mass ratios and the minimum charge ratio tends to the
asymptotic value given in Eq. 19. The black dashed line, QB/QA =
√
MB/MA,
corresponds to Eq. 4 with the condition [κB/κA]1rf = 1. Using a second
frequency is most useful below this line. The point (
√
MB/MA,QB/QA) =
(100, 33) corresponds to the numerical simulation in Section 4.
which give (piβ)2/m = 0.48 and η2rf ' 48. Although the lower
limit for n could be estimated more accurately (using the rela-
tionship between m and n in Eq. 11), it is more instructive to
examine the two-frequency scheme from the viewpoint of bal-
ancing the spring constants.
2.3. Range of applicability: balancing the spring constants
In this section, we find operating parameters for which the
use of a second frequency ensures both species have similar
spring constants in the radial direction of a linear Paul trap (see
Appendix C). The same considerations apply for a quadrupole
guide. For this, the two-frequency scheme can be useful only
when the ratio of the spring constants for single-frequency op-
eration of the Paul trap (given in Eq. 4) is less than unity, i.e.
weaker trapping of the heavier species. From Eq. 5, we find that
balancing the spring constants, [κB/κA]2rf = 1, requires(
nV1
Vn
)2
· Q
2
B/MB
Q2A/MA
= 1. (15)
The maximum value of the voltage V1 applied to the electrodes
at the lower frequency dictates a minimum value of Q2B/MB for
which the spring constants can be balanced, which can be found
by substituting Eq. 13 in Eq. 15. We combine this bound on the
ratio of Q2/M with the approximate relation
qB
qA
=
V1/2VB
Vn/2VA
' 1, (16)
which assumes optimal trapping for both species, and
VB
VA
=
MB/QB
n2MA/QA
, (17)
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Figure 4: The linear ion trap apparatus used for measuring the parametric res-
onances. The figure shows a cross-section through the trapping structure to
expose the details of the rf and endcap electrodes. The trapped ions are im-
aged using a microscope lens and a EMCCD camera at an imaging direction
perpendicular to the axis of the trap. The inset shows a typical image of a
three-dimensional ion crystal.
to derive separate conditions for the charge and mass of the two
species: n ' √MB/MA and QBV1 ' QAVn. Hence from Eq. 13
we find the lower bound of the charge ratio for which the spring
constants can be made equal is given by
QB
QA
≥
[
QB
QA
]
∞
(piβ)−1/m (18)
where the value as m→ ∞ is[
QB
QA
]
∞
=
1
ζ0
=
2
ρqA
' 10. (19)
The order number is m ' qA
√
MB/2MA, from Eq. 11. The val-
ues of [QB/QA]min are shown as a function of n '
√
MB/MA
in Fig. 3 for various values of the damping parameter β. Two-
frequency trapping significantly improves the ratio of the spring
constants for charge and mass values below the diagonal dashed
line. The lower bound does not depend on the masses MA, MB;
only the ratio of the charges determines whether we can bal-
ance the spring constants using two frequencies at this universal
limit.
3. Experimental measurements
We have carried out experimental measurements with 40Ca+
ions confined in a linear Paul trap to test the effect of paramet-
ric resonances on the stability of the atomic ions. Our Paul trap
has a standard configuration of four parallel blade-shaped elec-
trodes [32] creating the quadrupole field operating with a single
frequency Ωn. Figure 4 shows the details of the apparatus. The
rf electrodes are 4 mm long with an ion-electrode separation of
0.46 mm. Two endcap electrodes separated by 6 mm provide
the axial confinement and are symmetrically placed around the
trap centre. The electrodes have a hole in their centre for opti-
cal access. We drive the trap asymmetrically, by applying the rf
voltage to two opposing electrodes while connecting the other
two electrodes to rf ground (see Fig. 5). Using the trap elec-
trodes as a capacitance of a resonance circuit, we supply a low-
voltage rf drive to a tap of a transformer coil. To allow the
application of dc voltages to the rf electrodes, for compensat-
ing static electric fields, the rf drive goes through a capacitor
thus decoupling the rf drive circuit from the dc voltages. The
compensation voltage goes through a 1 MΩ resistor which de-
couples the dc supply from the rf circuit without deteriorating
its Q-factor (Q = 46.6).
Figure 5: Electrical circuit for two frequency operation of the ion trap. Two of
the rf electrodes are driven at a high frequency whereas the second electrode
pair is used for the low frequency drive. The dc and rf drives are decoupled
using a series of capacitors.
The radial secular oscillation frequency of the 40Ca+ ions is
ωA/2pi = 1.35 MHz corresponding to q = 0.1. The axial sec-
ular frequency is 0.483 MHz corresponding to a = 3.2 × 10−4
for a static voltage of 600 V on the end-cap electrodes. The am-
plitude of the applied voltage at Ωn/2pi = 37.49 MHz deduced
from the value of q and an ion-electrode distance of 0.46 mm
is Vn = 250 V. Two-frequency trapping is achieved by apply-
ing a low frequency, low voltage drive to the rf ground elec-
trodes. Using a 100 pF capacitor across the low frequency drive
provides a low impedance ground connection for the high fre-
quency trap drive.
Our experiments started with loading a single 40Ca+ ion into
the ion trap. The measurements consisted of imaging the ion
onto an EMCCD camera by capturing the fluorescent photons
emitted when we excited the resonance transition with laser ra-
diation at a wavelength of 397 nm. Throughout the measure-
ments the ion was laser cooled close to the Doppler temperature
when there was no parametric excitation. We applied the lower
frequency field and increased its amplitude until the Gaussian
width of the fluorescent image of the ion increased to five pix-
els on the camera due to the ion’s motion; a single pixel cor-
responded to a displacement of the ion by 1.32 µm; we chose
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Figure 6: Measured values of the threshold voltage versus the excitation fre-
quency. Twelve distinct resonances are labeled by their respective order num-
ber m = 14, 16, 18, 20, . . . , 34. The higher order resonances, at lower frequen-
cies, fade into the background noise. The dots are the threshold voltage for
each parametric resonance and the red line is Eq. 10 with best-fit parameters:
V1 = 9.3 V for β = 10−6 however the maximum recorded threshold is 7.7 V as
Ω/2pi→ 0. The damping must be interpreted cautiously since only even orders
are observed which is not predicted by the theory in the text.
a cut-off width of five pixels to be well above the fluctuations
of the ion’s position. This way we were able to take measure-
ments without expelling the ion from the trap each time. For
each amplitude, we took two images and averaged their fitted
widths along the y radial direction.
The maximum voltage V1 corresponding to the cut-off width
is shown in Fig. 6 for the range Ω/2pi = 40 − 200 kHz. There
are twelve distinct resonances in this range, that correspond to
even orders m = 14, 16, . . . , 34. The threshold for parametric
excitation induced by the applied voltage V1 increases as Ω de-
creases. We fit the peaks of the resonances to determine values
of V1 and β. The theoretical limiting voltage as m → ∞ is
0.27qAVn = 7 V for qA = 0.1 and Vn = 250 V. This is close to
the measured maximum threshold 7.7 V, but less than the best
fit value of V1 = 9.3 V. We have not made any corrections for
the effect of the finite value of a arising from the dc voltage
applied to the end-cap electrodes. Moreover, even-order reso-
nances were stronger than odd ones which is not expected from
the theory for motion along one direction; fitting to even-order
resonances only, overestimates the threshold voltage. Similar
odd-even staggering was seen in the measurement of [30], but
not in [31, 33]. Nevertheless, these measurements show that a
voltage sufficient to confine the heavy ions can be applied in
this Ω range for V1 < 7 V.
Figure 6 also shows that it possible to avoid parametric
resonances by a suitable choice of Ω, although the presence
of species B may shift the secular oscillation frequencies of
species A. For higher values of m, the resonances are so weak
that their influence becomes comparable to the non-resonant ef-
fect of an additional dc voltage. Thus, atomic ions are confined
stably in a Paul trap with another quadrupole field oscillating at
a lower frequency.
4. Molecular dynamics simulations
We have carried out numerical simulations to confirm the sta-
bility of multiple ions in the two-frequency trap, in all three di-
mensions. These simulations use a time-varying electric field
of the form
E(x j; t) =
∑
κ=1,n
Vκ
r20
cos (Ωκt)
(
yeˆy − xeˆx
) (20)
+
V0
z20
(
xeˆx + yeˆy − 2zeˆz
)
.
The oscillating voltages Vk provide confinement in the x and
y directions, while the static voltage V0 confines ions in the z
direction. The trajectories of N interacting ions in the electric
field of a Paul trap obey the equations of motion
M jx¨ j = E(x j; t)Q j +
N∑
i, j=1
i, j
1
8pi0
QiQ j
(x j − xi)2 (21)
for ion j, where E(x j; t) is the electric field of Eq. 20 aris-
ing from the two-frequency potential V(t) = V0 + V1 cos Ωt +
Vn cos Ωnt, and 0 is the permittivity of vacuum.
We numerically integrated the equations of motion using
(py)LIon [34], a collection of software tools we developed to in-
vestigate electrodynamic trapping of multiple species in an ion
trap. These tools provide a wrapper around LAMMPS [35] 2,
exposing only a subset of its capabilities relevant to the simula-
tion of ion trap dynamics. The effect of collisions with a buffer
gas is implemented by coupling the ions to a Langevin bath,
which provides both a stochastic and viscous damping force
that causes thermalisation of the ensemble to a specified tem-
perature. A similar approach was previously used to simulate
laser cooling in a single-frequency trap [11].
For these simulations we used a linear Paul trap of length
2 mm, radius 1.75 mm and geometric factor k = 0.325 as
defined in [18]. The main driving frequency was Ωn/2pi =
10.03 MHz and voltage Vn = 2.76 kV with an endcap voltage
V0 = 2 V. The lower driving frequency was Ω/2pi = 98 kHz
with voltages up to 50 V as shown in Fig. 7. Note that n =
Ωn/Ω ' 102 is not an integer here. With the trap configured
as above, qA = (QA/MA) · 2V ′′max/Ω2n ' 0.32 while qB ' 0.19
for the maximum value of V1. The results of Fig. 7 are for a
system of 20 138Ba+ ions and a single B ion with MB/MA ' 104
and QB/QA = 33, as marked on Fig. 3. The temperature of the
Langevin bath that both species are in contact with is 10 K, typ-
ical of buffer gas cooling, so the ions in this ensemble do not
form a Coulomb crystal, and instead remain as thermal clouds.
The 138Ba+ ions are coupled to the bath with a velocity decay
constant of 100 µs.
This specific example shows that applying two frequencies
is useful for the particular case of 138Ba+ co-trapped with a
much heavier ion of species B. The large difference in Q2/M
2LAMMPS is a classical molecular dynamics code developed by Sandia
Labs and distributed as open-source software.
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Figure 7: Molecular dynamics simulations of a cloud of 20 atomic ions and
one massive ion in a linear Paul trap, for increasing values of the low-frequency
drive voltage V1. This system’s parameters are marked on Fig. 3. (a, top) the
spring constants, (a, bottom) the mean cloud radii of the two species, and (b)
the density distribution of the fluorescing light species that develops a gap as
the more massive ion is pulled inwards. The values of κA and 〈rA〉 are approxi-
mately constant whereas κB increases causing 〈rB〉 to decrease.
means that the species have very dissimilar spring constants
in an ion trap operated at a single frequency. Thus separation
of the clouds occurs with weakly confined heavy ions pushed
away from the trap centre by the Coulomb repulsion of the
tightly bound light ions (see Fig. 7). The maximum value of
V1 in Eq. 10 determines the confinement of species B through
the parameter qB. Using Eq. 5 we find a range of voltages V1
where the two-frequency trap is stable but the ratio of the spring
constants is dramatically different as shown in Fig. 7. This
increased overlap is possible only for certain values of (QB,
MB) since the condition that there is no parametric heating of
species A by the lower frequency, limits the strength of con-
finement arising from the field produced by the applied voltage
V1 cos (Ωt) as given by Eq. 18. For a modest voltage of 50 V
the mean position of the heavy ion is very close to that of the
lighter ones and at least an order of magnitude smaller than
when V1 = 0.
The simulated images in Fig. 7 depict the position distribu-
tion of fluorescing 138Ba+ ions. The presence of the heavy ion
inside a cloud of lighter ones can be inferred by the dark hole
that appears in the simulated fluoresence images when the sec-
ond electric field is large; this occurs due to Coulomb repulsion
of the light ions by the heavy one as it is pulled towards the cen-
tre of the trap. We have obtained similar results for simulations
with 200 138Ba+ ions co-trapped with a single ion of species B.
Moreover, the ion of species B does not need to be in direct con-
tact with the Langevin bath for these results to hold since it is
being sympathetically cooled by the lighter ions at an increased
efficiency compared to the single-frequency case. Simulations
with the damping term removed from species B show similar
results to Fig. 7.
5. Conclusions and outlook
We have shown that two-frequency operation of a Paul trap
or quadrupole guide can provide a significant advantage when
trapping species with dissimilar charge to mass ratios. In con-
sidering the stability of each species, we proposed an approach
to finding suitable operating conditions within the multidimen-
sional space. We have verified the predicted stability of the
atomic ions experimentally and carried out numeric simula-
tions of the two-frequency, two-species system. This previously
unexploited mode of electrodynamic trapping, can be imple-
mented on an existing apparatus and has general applicability.
Electrodynamic confinement has many uses ranging from
mass spectrometry of small molecules to the control of parti-
cles of dimensions hundreds of micrometres. We consider two
broad categories of prospective applications: detection of heavy
ions via their effect on fluorescing atomic ions, and reactions of
cold molecular ions in cold (bio-)chemistry.
Detection of ions via their effect on fluorescing atomic
ions being excited with laser light is used for dark ions such
as molecules, or atomic ions with transitions at inconvenient
wavelengths. Our results show how to extend this detection
technique to massive ions with lower charge-to-mass ratios than
atomic ions. This can be used in mass spectrometry for the non-
destructive detection of individual molecular ions at a low count
rate. Moreover, an intrinsic part of mass spectrometry is frag-
mentation, i.e., observing the breaking apart of a large biolog-
ical complex, and the two-frequency scheme enables such in-
vestigation of single biomolecular complexes without ensemble
averaging. The efficient, non-destructive detection of biomolec-
ular ions could be followed by controlled deposition of mass-
selected particles on a surface for further analysis by other tech-
niques. It has also been suggested that a chain of atomic and
molecular ions can act as a conveyor belt to carry the dark
molecular ions into the focus of an x-ray laser for destruc-
tive measurements [36], as demonstrated in experiments with
Mg+ and MgH+ which have similar charge-to-mass ratios. Our
method opens the way to working with much heavier biomolec-
ular ions.
Paul traps are used to investigate chemical reactions of ions
at low temperatures [37], and two-frequency operation allows
much heavier species to be used without a large spatial separa-
tion. This application is closely related to the use of two fre-
quencies for the confinement of antimatter where the creation
of overlapping clouds of positrons and anti-protons leads to the
formation of anti-hydrogen atoms; work towards this is techni-
cally challenging goal is ongoing [14]3.
3 Sympathetic cooling of positrons by Be+ ions has been demonstrated ex-
perimentally in a Penning trap [38].
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Sympathetic cooling of biomolecular ions by 138Ba+ in a Paul
trap was demonstrated [12] and heavier ions can be used by ap-
plying two frequencies. The transfer of energy between ions is
less efficient if the oscillation frequencies are dissimilar. How-
ever, it is possible to arrange a system with coupling between
axial modes of species A and radial modes of species B in a
linear Paul trap [15]. The extension of the techniques devel-
oped for laser-cooled atomic ions to species with much higher
M/Q that are sympathetically cooled presents new ground for
future investigation. Our method allows for cotrapping atomic
ions with much heavier charged particles, such as flakes of
graphite [39] or DNA molecules in aqueous solutions [40].
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Appendix A. The mathematical treatment of damping
Equations of motion with damping proportional to veloc-
ity, or any second-order differential equation in which the first
and second derivatives have constant coefficients, can be writ-
ten in the general form y¨ + Γy˙ + H(t)y = 0. The substitution
y = y˜ exp(−Γt/2) eliminates the term with the first derivative
to give ¨˜y + H˜(t)y˜ = 0, where H˜(t) = H(t) − Γ2/4. Second-
order equations with linear damping have an associated equa-
tion without damping which is a Hill equation when H˜(t) is a
periodic function and can be written as the sum of its Fourier
components. An illustrative example is the damped simple har-
monic oscillator with a parametric driving term
d2y
dt2
+ ω˜2A y =
F′
MA
cos (Ωt) y, (A.1)
where F′ is a constant and the secular oscillation frequency is
modified to ω˜2A = ω
2
A − Γ2/4. This is the usual shift of the
resonance frequency that occurs in damped simple harmonic
motion. The integrating factor exp(−Γt/2) eliminates y˙ for any
value of the constant Γ and is used in numerical calculations of
the stability regions of the Mathieu equation with strong damp-
ing [5, 16].
To relate the behaviour of ions in a quadrupole electric field
oscillating at two frequencies (including a dc term) to famil-
iar properties of a single-frequency Paul trap we consider Eq. 7
with V1 = 0 which reduces to a Mathieu equation with parame-
ter
q(τn)A =
Vn
2VA
=
QA
MA
· 4V
′′
n
(nΩ)2
, (A.2)
where V ′′n = Vn/r20 is the curvature of the oscillating electric po-
tential. We drop the minus sign since the steady-state behaviour
does not depend on the sign of q. We take q(τn)A = 0.4 as a realis-
tic value for operation of a Paul trap since for higher values the
ions are susceptible to heating and loss from nonlinear mixing
and parametric excitation even for single frequency operation.
The quadrupole field proportional to Vn cos nΩt leads to a
pseudopotential with a secular oscillation frequency ωA =
q(τn)A nΩ/
√
8 so ions of species A undergo simple harmonic mo-
tion described by y¨+ω2Ay = 0 where t is real time. We introduce
a voltage V1 cos Ωt that produces a driving term proportional to
F′ = QAV1/r20 in Eq. A.1. Using the rescaling Ωt = 2τ as in
Eq. 6 gives
d2y
dτ2
+ 2β
dy
dτ
+
(
aeff − 2q{τ}A cos 2τ
)
y = 0, (A.3)
where β = ΓA/Ω and
aeff =
(
2ωA
Ω
)2
=
1
2
(
nVn
2VA
)2
=
1
2
(
nq(τn)A
)2
(A.4)
is the effective value of a static potential equivalent to the pseu-
dopotential (with V0 = 0), and
− q{τ}A =
V1n2
2VA
(A.5)
is completely independent from q(τn)A . For q
(τn)
A = 0.4 and
n = 100 we find that aeff = 800. This is far greater than is
usually considered in the theory of Paul traps but the asymp-
totic properties of the Mathieu equation are known in litera-
ture [41, 28]. For a, q  1 the critical line between predom-
inantly stable and unstable regions is a = 2q, as shown in
Fig. 1a). This passes through the point (q, a) = (400, 800) in
this example. Using aeff = 2|q{τ}A |, and Equations A.4, A.5, we
recover Eq. 8 with the same value ρ = 0.5 as the simplified ar-
gument given previously. Damping modifies aeff however this
is not a significant effect for Γ/(2ωA) < 0.1 and is neglected
here.
Appendix B. Theory of parametric excitation with linear
damping
The parametric excitation of ions in a Paul trap was investi-
gated experimentally and theoretically in [30, 31]. We extend
their results to high order resonances using asymptotic prop-
erties of the instability tongues of the Mathieu equation. The
threshold voltage above which an applied field at Ω excites a
resonance of order m isV1
r20

th
=
2Mω2A
Q
Cm
(
Γ
2Ω
)1/m
, (B.1)
with M ≡ MA, Q ≡ QA and Γ ≡ ΓA here. This corresponds to
Eq. 10 with ρ = (2/e)2 ' 0.54 for
Cm =
(
2
e
)2
(pim)1/m. (B.2)
This formula for Cm is derived below by relating the damp-
ing to the width of tongues of instability. Razvi et al. [30]
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estimated the coefficient to be Cm ' 2 from numerical calcu-
lations of the first few resonances. Zhao et al. [31] find the
values {C1,C2, . . .C6} = {2, 1.414, . . . 0.887} whereas Eq. B.2
gives {1.7, 1.36, . . . 0.887}. Thus our general formula is a good
approximation for the width of resonances except for m = 1.
Importantly it gives an analytic expression for the high orders
m  10 relevant to our two-frequency scheme.
The following derivation uses notation similar to Zhao et al.
to highlight similarities and differences. The damping constant
β = Γ/Ω can be eliminated from Eq. A.3 by the substitution
y = y˜ exp(−βτ) to give the Mathieu equation
d2y˜
dτ2
+
(
a˜eff − 2q{τ}A cos 2τ
)
y˜ = 0, (B.3)
where a˜eff = (aeff − β2) hence
a˜eff =
(
2ωA
Ω
)2
(1 − γ2) =
(
2ω˜A
Ω
)2
, (B.4)
with γ = Γ/(2ωA)  1 and ω˜A = ωA
√
1 − γ2. We neglect the
slight frequency shift (ωA − ω˜A) because γ2  1. Using Eq. 11
we find
q{τ}A =
2QV1
Mr20Ω
2
= 
(
2ωA
Ω
)2
=  m2 (B.5)
is unaffected by damping, and we have defined
 =
QV1
2Mr20ω
2
A
. (B.6)
Floquet’s theorem states that equations with periodic coeffi-
cients have solutions of the form y˜ = eµτu(τ) where u is a peri-
odic function; in this case u(τ) = u(τ+pi) to match the period of
cos 2τ. The solution of Eq. B.3 is a linear combination of two
such independent functions. Hence the solutions in real time t
have the form
y = C1e(µΩ−Γ)t/2u1(t) + C2e−(µΩ+Γ)t/2u2(t). (B.7)
Instability arises if µ > Γ/Ω = γm. The stability of the solu-
tion can be determined from the relationship between the char-
acteristic exponent µ and the width of the instability tongues.
Considering the shape of the tip of the tongues gives
γ =
µ
m
=
a+m − a−m
4m2
, (B.8)
where a+m(q) and a
−
m(q) are the values at the upper and lower
boundary of the m th tongue. The width of the undamped res-
onance is ∆am = a+m − a−m = Amqm. From Eq. B.5 we find the
excitation threshold as
[  ]th =
(
4m2
Am
)1/m
γ1/m
m2
= Cmγ1/m. (B.9)
This is equivalent to Eq. B.1, with
Cm =
1
m2
(
4m2
Am
)1/m
. (B.10)
Using the asymptotic formula for Am given in [42]
Am
4m2
=
2
22m[m!]2
, (B.11)
and Sterling’s formula for m!
Am =
4
pi
( e
2m
)2m
(B.12)
leads to Eq. B.2.
We can now use this to examine the validity of the approxi-
mations. Resonances occur for am = m2 hence their spacing is
approximately am+1 − am ' 2m for large m. Thus the condition
that width of the tongues is small compared to their spacing is
Amqm  2m which implies q  (pim/2)1/m(2m/e)2. This is
satisfied if 2q  a = m2 which corresponds to the expectations
that the approximation is valid well away from the critical line
where the tongues of instability are narrow. The formula for the
width ∆am = a+m − a−m = Amqm is not restricted to small values
of q; Eq. 8 is a limiting form of Eq. 10. For stronger damping,
Γ > 0.1, other approximations may be useful, or in such cases
it is straightforward to carry out numerical calculations since
the tongues of instability have rounded ends so that computing
their boundary does not require an excessively fine computa-
tional grid. In contrast the stability regions reaching into the
region 2q > a are cusped even for strong damping but these are
not relevant here.
Appendix C. Two species in a linear Paul trap
A linear Paul trap has four electrodes aligned parallel to the
z-axis arranged on the corners of a square in the xy-plane, with
adjacent electrodes having opposite polarity in a quadrupole
configuration. It is assumed that the trap is operated at the
maximum voltage in a given apparatus to give the strongest
confinement but this might not be optimal, e.g., for very large
clouds of ions. The oscillating electric field has no component
of the electric field along z and Ey = V ′′maxy then Ex = −V ′′maxx
where V ′′max = V/r20 is the curvature. The Mathieu equations
describing the motion in the x and y directions respectively
ax = −ay. If q = 0 then Eq. 1 simplifies to simple harmonic
motion y′′ = −ay at angular frequency √a for a > 0, and for
a < 0 the motion is unstable. Thus the central axis of the four
electrodes is a line of saddle points of the electrostatic poten-
tial energy of charged particles commonly referred to as the
rf-null line. There can be stable motion when an oscillating
voltage is applied to these electrodes. This can be shown using
the pseudopotential approximation, valid for small a and q in
Mathieu equation, by substituting a trial solution of the form
y = C cos(ωt)(1 + D cos(Ωt)), where t is the real time. Equat-
ing terms with the same time dependence leads to Eq. 2. The
pseudopotential has an effective depth of qVosc/8; the Dehmelt
approximation [43]. The discussion of radial confinement in
the main text can be summarised by expressions for the poten-
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tial energy of ions along the y-axis:
UA = (κA(0) + κA(Ωn)) y2/2, (C.1)
UB = (κB(0) + κB(Ω) + κB(Ωn)) y2/2,
UB ' (κB(0) + κB(Ω)) y2/2. (C.2)
The last line follows because κB(Ω)  κB(Ωn) in two-frequency
operation.
In the main text we considered that the dc terms are neg-
ligible: κB(0) ' 0 ' κA(0). In a linear Paul trap, however,
there is a static radial field as a consequence of the axial con-
finement. An axially symmetric voltage satisfying ∇E = 0
has the form V (z)0 [z
2 − 12 (x2 + y2)]/(2z20) hence the axial con-
finement necessarily acts oppositely in the radial directions,
e.g., κB(0) ≡ κB,y(0) = −κB,z/2. The static spring constant
κB,z = QBV
(z)
0 /z
2
0 depends only on the charge, and similarly
κA,z = QAV
(z)
0 /z
2
0, which is very different to the dependence on
Q2/M for an ac field. The anti-trapping arising from the radial
component of the static field is of particular concern for species
B which is only weakly confined by a single-frequency ac field.
Consider a Paul trap with an aspect ratio λ = ωA/ωA,z; this ratio
of radial to axial oscillation frequencies for species A gives the
ratio of the length to radius of the elongated cigar-shaped cloud
of A-ions in thermal equilibrium κA(Ωn) = λ2κA,z. The require-
ment that κB(Ωn) ≥ κB,z/2 gives a stability condition for species
B in a single-frequency linear trap
QB
MB
≥ 1
2λ2
· QA
MA
, (C.3)
where we have used Eq. 4. For two species with
(QB/MB)/(QA/MA) = 3.3 · 10−3 this gives λ ≥ 12.3. Hence this
large aspect ratio is required to reach the edge of the stability re-
gion, indicating the difficulty of confining two species of widely
different Q/M with a standard Paul trap. Also this underesti-
mates the problem since a cloud of atomic ions of species A
collectively exert a stronger repelling force on an ion of species
B. The collective effect of many ions of species A should also
be taken into account in two-frequency operation since it acts
to drive species B out of the trap. Another factor for a linear
Paul trap is that there is the weaker confinement along the z-
axis than radially κA,z < κA,y ∼ κA,x and therefore the criterion
for species B to lie on the axis is κB,y > κA,z. The heavier ion(s)
can displace species A along the z-axis more easily than radially
as shown in Fig. 7. Thus, as stated in the main text, the crite-
rion κB ≥ κA which considers only the radial direction(s) is a
simplification. Nevertheless, these calculations provide useful
physical insight; the various competing effects can be studied
using MD simulations.
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